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Single-Particle Studies of Ion Exchange 

in Packed Beds: Cupric Ion-Sodium 

Ion System 
M. GOPALA RAO and M. M. DAVID 
University of Washington, Seattle, Washington 

Considerable work has been expended on the develop- 
ment of analytical methods for predicting the performance 
of ion-exchange materials in packed beds. The resulting 
methods however have had only limited utility for design 
purposes because the physical and mathematical com- 
plications of the problem have necessitated use of various 
simplifying assumptions which have restricted the general 
applicability of the methods. Numerical techniques with 
high-speed computers offer a potential means for handling 
the mathematical complications of packed-bed systems 
without resort to undue simplifying assumptions. To use 
these techniques though, adequate models for the process 
and values for the rate constants included in these models 
must be available. These requirements demand in turn an 
extensive body of data for ion exchange in packed beds, 
both to verify proposed or suggest new models and to 
obtain generalized correlations for the rate constants in 
the models. The present study was undertaken to supply 
such data by an intensive investigation over a wide range 
of operating conditions of the exchange rate of copper ions 
for sodium ions on a typical cation exchanger, Dowex 
50W-X8. Choice of this system was based on the relative 
sparsity of comprehensive rate data for the exchange of 
ions with unequal valences (especially in concentrated 
solutions), the extensive equilibrium data available for 

M. Gopaln Rao is at Gonzaga University, Spokane, Washington. 

the system ( 2 3 ) ,  the suitability of the system for the ex- 
perimental procedure, and industrial interest in the sys- 
tem (23). Ion exchange of copper for sodium has been 
studied in dilute solutions by Selke and Bliss ( 2 1 ) ,  but 
extensive rate studies of this system are lacking. 

CURRENT CONCEPTS 

Although ion exchange is essentially a metathical 
process which for the reaction of this study can be written 
as Cur + 2Nas * CUS + ZNa,  ( r  and s denote the ex- 
changer and external solution phases, respectively), the 
rates of ion exchange are determined by the mass transfer 
steps in the process. For the modern ion exchangers which 
are usually produced as small porous particles, the overall 
rate of exchange is controlled either by the resistance to 
mass transfer between the external fluid and the exchanger 
surface, by the resistance to mass transfer within the par- 
ticle, or by the combination of these two resistances. As in 
other interphase transfer processes equilibrium is con- 
sidered to exist between the two phases at the boundary 
formed by the exterior surface of the particle. 

In packed beds of ion-exchange materials mass transfer 
from the bulk solution to the exchanger surface is effected 
by both convection and ionic diffusion. The rate of mass 
transfer for this step has usually been described in design 
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methods (for example 5, 19, 20, 21, 25) by an equation 
of the type 

kL s ( c  -C) 4 
-= 
df 

and various packed-bed j-factor relationships have been 
used to correlate the mass transfer coefficient, kL (for exam- 
ple 2, 20). For  the usual case where the exchanging ions 
have different self-diffusivities, theoretical studies ( 1  8) in- 
dicate that the use of Equation (1) would be complicated 
by variation during the exchange process of both the total 
solution normality a t  the interface and the effective diffu- 
sivities, and consequently the mass transfer coefficients, of 
the exchanging ions. A mathematical analysis embodying 
these effects is available only for exchange of ions of equal 
valence, linear equilibrium, and consideration of the trans- 
fer process as strictly ionic diffusion across a stagnant film 
(18); it would appear that this analysis does not ade- 
quately allow for eddy convection effects. I n  a recent 
study (7)  Equation (1) was found as successful for cor- 
relating the rate data  for uni-univalent exchange as the 
more complicated relationship including the changes in 
interface-solution concentration and ion diffusivities. 

Mass transfer within the exchanger is also a diffusional 
process. In design equations the internal diffusional pro- 
cess has usually been represented by Fick's second law 
or simplifications thereof, with a constant value of the 
internal diffusivity for a given ionic system (for example 
5, 20, 25). This approach has also been used to correlate 
experimental data  on internal diffusion rates in packed 
beds (for example 20, 26). However theoretical consid- 
erations as well as recent experimental work show that  for 
the exchange of ions with different internal self-diffusivi- 
ties the resulting electric field produces a diffusion coeffi- 
cient (as defined by Fick's law) which is a function not 
only of the exchanging ions but  also of exchanger com- 
position (10, 11, 1 6 ) .  Integration of Fick's second law in- 
cluding the variable diffusion coefficient has presently 
been done only for equal-valent and uni-divalent ex- 
change, with the exchanger initially containing only one 
ionic species, the exchanger surface always saturated with 
the entering species, negligible anion content of pore solu- 
tion, and no change in exchanger volume (11, 16). For 
cases where both the internal and external resistances to 
mass transfer are important the presently available design 
techniques are limited to  rate equations in which the ex- 
ternal mass transfer coefficient and the internal diffusion 
coefficient are both constant, and change in normality of 
the interface solution is neglected (for example 17, 20, 
25) .  

EXPERIMENTAL 

The single-particle method described by Gopala Rao ( 3 )  
and Kuo (14)  was developed and used in the present qtudy. 
In this method a single spherical ion-exchange particle charged 
with an ion containing a radioactive tracer is placed in a small 
bed of similarly sized glass beads, and a solution of known 
composition is passed through the bed at  a controlled flow 
rate. The amount of exchange occurring is so small that the 
solution composition remains essentially constant, and the rate 
of exchange is determined by continuously monitoring the 
amount of radioactivc tracer ion present in the ion-exchange 
particle. Measurement of the particle diameter permits de- 
termination of the surface area for mass transfer between the 
solution and solid phases, The single-particle method provides 
a more direct and much less difficult way to determine ion- 
exchange rates and the effects of operating variables thereon 
than the often used deep-bed method and avoids or minimizes 
various complicating factors encountered with concentrated 
solutions in differential beds. 

The ion exchanger used in the study was Dowex 50W-X8, 
a typical modern cation exchanger available in the form of 

small spheres. This exchanger contains nuclear sulfonic-acid 
exchange groups distributed uniformly throughout a structure 
of polystyrene cross-linked with divinyl benzene. A small batch 
of the exchanger was pretreated by several conversions al- 
ternately to the copper and sodium forms, and individual par- 
ticles were selected for sphericity and freedom from flaws by 
examination with a microscope. The diameters of the particles 
used in the study were measured either by using a stage mi- 
crometer and camera lucidas with the microscope or with a 
micrometer eyepiece. Three particles of 1.09-mm. diameter 
( N a  form) were used throughout the rate studies, except for 
some preliminary runs which are included in Figure 3. 

The bed used in the rate studies was approximately 4 cm. 
high and 1 sq. cm. in cross section, with the ion-exchange 
particle located approximately 1 cm. from the bottom and on 
the vertical axis of the bed. The bed was supported by :I 

fritted-glass disk sintered to the walls of the glass tube con- 
taining the bed, and a plug of glass wool a t  the top of thc 
bed was used to maintain the bed in position and serve as a 
distributor. The ion-exchange particle when placed in the bed 
was in sodium form, with sodium-22 present as a tracer. Care 
was taken to maintain the bed and feed lines full of liquid 
during assembly of the apparatus, to prevent the introduction 
of air bubbles into the system. The apparatus was so con- 
structed that by quickly turning a large-bore three-way stop- 
cock a predetermined flow rate of solution through the bed 
could be started almost instantaneously. The flow rate was 
also checked throughout the run by measurements of the 
effluent rate. Almost all runs were made downflow. The radio- 
activity of the particle in the bed was measured by a Geiger- 
Mueller probe-ratemeter-recorder train. The ratemeter used 
had a time constant of 12 sec. 

Prior to the start of a run the radioactivity of the particle in 
position in the bed was measured for approximately 10 min., 
with distilled water passing through the bed. Copper chloride 
solution was then admitted to the bed at the desired flow rate, 
and the residual radioactivity of the particle was continuously 
recorded as a function of time. The background count was 
measured both before and after the run. Following the run 
the particle was removed from the bed and reconverted to the 
sodium form. Because of the low time constant for the rate- 
meter the output data for a run were in the form of a some- 
what wiggly curve, which could easily he averaged by eye to 
give the residual sodium content of the particle to within 2% 
of the initial value. The smoothed data were corrected for 
hackground count and were replotted in terms of copper con- 
tent of the exchanger, for treatment as discussed below. 

During the course of the work results were published ( 1 2 )  
for an ion-exchange equilibrium study which found that in- 
dividual particles of an ion exchanger similar to that nsed in 
the present study were not homogeneous in ion-exchange prop- 
erties. The capacities and equilibrium characteristics in 0.1 N 
and 1.0 N solutions were therefore measured for the particles 
used in the rate studies, as well as for several other particles 
ranging from 0.83 to 1.24 mm. in diameter. The procedure 
used essentially was to permit the particle charged with tagged 
sodium to equilibrate with an accurately measured small vol- 
ume (0.25 to 1.0 ml. ) of solution containing known concen- 
trations of sodium and copper ions. The amount of exchange 

TABLE 1. PHOPERTIES OF THE PARTICLES 

Exchange 
capacity 

Particle diameter, mm.* Sodium+ nieq./ml. 
NaR in CnRz in capacity of Na forin 

Particle water water of particle meq. of resin 

A 1.09 1.07 1.409 2.07 
B 1.07 1.10 1.421 2.24 
C 1.03 1.01 1.291 2.24 
G 1.24 1.25 2.180 2.21 
H 0.86 0.81 0.725 2.15 
J 0.83 0.80 0.688 2.27 

* Average of diameter values at three different orientations. 
t Pore solution excluded. 
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Fig. 1. Experimental curves for 0.1 N cupric chloride solution. 

occurring was negligible compared with the ionic content of 
the solution, and knowledge of the radioactivity of the parti- 
cle before and after equilibration permitted calculation of the 
equilibrium composition of the exchanger phase. The particles 
all showed very good agreement of specific capacity and ex- 
cellent agreement of equilibrium compositions, both from par- 
ticle to particle and with published data for the system 
cupric ion-sodium ion-Dowex 50 ( 2 3 ) .  Other work ( 4 ,  13, 1 4 )  
also substantiates the uniformity of Dowex 50W exchanger. 
Characteristics of the particles used in the equilibrium studies 
are given in Table 1.O 

Limitations o f  Study 

The factors important in determining the rates of ion ex- 
change in a packed bed for a given system include the ex- 
changer particle size and cross linkage, the solution concentra- 
tion and composition, the flow rate through the bed, and the 
temperature. The present study was chiefly concerned with 
the effects of solution concentration antl flow rate. The study 
used only Dowex 50W particles with 8% cross linkage and 
diameters of 1.09 mm. (sodium form). All runs were at room 
temperature (approximately 23°C.) .  Copper chloride solutions 
of 0.01 N, 0 . 1  N, 1.0 N, 2.0 N, and 4.0 N were employed. One 
run was also made with a 1.0 N sodium chloride feed solution to 
measure the self-diffusivity of sodium inside the exchanger. 
The range of flow rates used varied with the solution concen- 
tration, as discussed below, but the overall range of flow rates 
covered in the study included superficial velocities from 0.02 
to 3 cnl./sec. The equilibrium studies were restricted to 0.1 N 
and 1.0 N solutions, since the results obtained for these con- 

* The capacity values reported in Table 1 for the particles used in the 
rate studies were rechecked during the course of the work. However sub- 
sequent investigations (14) report capacities of Dowex 50W-X8 approxi- 
mately 25 to 30% higher than indicated in Table 1. The only results 
presented here which are affected by the capacity value are the ~ L ' S  
which are directly proportional to capacity. All other calculations are 
based on ratios and are independent of the actual value of the capacity. 

I .o 

0.8 

3 
2 0.6 
P 

\ 

0 4  

0 2  

0 
T i m e  / Seconds 

Fig. 2. Experimental curves for 1.0 N cupric chloride solution. 

centrations were in excellent agreement with the data of 
Subha Rao ( 2 3 ) .  

RESULTS AND DISCUSSION 

Typical experimental results for the rate studies are 
given in Figures 1 and 2 where data for the runs with 
0.1 N and 1.0 N solutions are presented as plots of (4/a)CU, 
the fraction of exchange capacity in the copper form, vs. 
time, with the superficial velocity of solution through the 
bed as the curve parameter.* Experimental data points for 
the 0.01 N, 2 N, and 4 N studies are included in Figures 
4, 5, and 6. Though the data for the latter portions of long 
duration runs are not included in the figures, all runs were 
continued to a (q/u)cU of approximately 0.9. 

At each concentration studied an attempt was made to 
vary flow rate from velocities sufficiently high that fluid 
velocity no longer affected exchange rate to flow rates 
sufficiently low that mass transfer between the bulk liquid 
and exchanger surface controlled the exchange rate for at 
least a portion of the run. However it was not found pos- 
sible to reach the velocity-independent state with 0.01 N 
solutions, and as discussed below even with the very low- 
est flow rates practical with the apparatus (0.02 to 0.03 
cm./sec.) a completely liquid-film controlled situation 
could not be obtained with solution concentrations greater 
than 0.1 N. As may be noted from the figures flow rate did 
influence the exchange rate at all concentrations for suffi- 
ciently low velocities, thus showing that the resistance to 
mass transfer through the liquid film was important in 
determining the rate of exchange for such cases. 

Liquid-Film Mass Transfer Coefficients for Di lute Solutions 

Dilute solutions and an equilibrium favorable to the 
entering ion promote control of the exchange rate by the 
liquid film (1, 9 ) .  For 0.01 N solution, the equilibrium is 
almost irreversibly in favor of the copper form of the ex- 
changer until the exchanger is practically saturated with 
copper (23). For this type of equilibrium situation and 
an external solution containing only copper, if the liquid- 
film resistance is rate controlling, Equation (1) becomes 
( 1 4 )  

(2 )  d t  a 

In accordance with Equation (2)  a plot of ( ~ / Q ) c u  VS. 
time should be linear, and in Figure 4 the first portions of 
the curves, in marked contrast to the curves for higher 
concentrations, are straight lines. As copper content of 
the particle increases, the internal-diffusion step also be- 
comes important as a rate-determining factor, and the 
experimental curves in Figure 4 deviate from linearity. 
Mass transfer coefficients were calculated for the data of 
Figure 4 by use of Equation (2) ,  and the results are pre- 
sented in Figure 3 on the j-factor correlation plot for fixed 
beds proposed by Carberry (2). Also included in Figure 3 
are results obtained from preliminary 0.01 N runs with a 
1.16-mm. diameter particle of Dowex 50-X8 exchanger. 

In principle mass transfer coefficients for less favorable 
etiuilibria can be evaluated by defining an overall mass 
transfer coefficient by 

d(q/a)cu k L s  
C O  

- -- 

where c*/co is in equilibrium with ( 4 / u ) ,  K L  is evaluated 
as a function of time by using slopes of the ( q / a )  vs. 
time curves, and by extrapolating to zero time (20). The 

* A complete tabulation of experimental results and further details on 
apparatus, experimental procedures, and calculational methods are given 
in reference 8 .  
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kid values for the 0.1 N runs in which the equilibrium was 
also very favorable to the copper form were obtained in 
this fashion and are plotted in Figure 3. Both the 0.01 N 
and 0.1 N data appear to conform to the type of j-factor 
correlation given in Figure 3. The kL values for higher 
concentrations could not be obtained by Equation ( 3 )  
with any precision and showed considerable deviation 
from the j-factor correlation. 

In preparing Figure 3 the density and viscosity of the 
0.01 N and 0.1 N solutions were taken as those of pure 
water, E as 0.4, and Ds as the diffusivity of the copper 
ion at infinite dilution (0.72) ( lop5)  sq. cm./sec. Use of 
a counterdiffusion coefficient as calculated by the methods 
proposed by Gilliland et al. (6) instead of the self-diffu- 
sivity would lower all the experimental points by approxi- 
mately 15%. 

Interpretation of the  Internal-Diffusion Controlled Results 

For the uppermost curves in Figures 1, 2, 5, and 6 the 
fluid velocity through the bed no longer influences the 
rate of ion exchange, and the rate is therefore completely 
internal-diffusion controlled. A similar curve was obtained 
early in the study for 0.01 N solutions at moderately high 
velocities. This curve was considerably lower than thc 
corresponding curves at higher concentrations, and subse- 
quent investigation indicated that the apparent internal- 
diffusion controlled curve actually resulted from bypassing 
effects in the bed at the higher fluid velocities. Later 
0.01 N runs at similarly high velocities, made upflow and 
with care to avoid channeling effects, had properly higher 
exchange rates and k~ values in agreement with the j -  
factor correlation. Fluid velocities at least two orders of 

I I 
I X ‘ B 4  

T i m e  / S e c o n d s  

Fig. 4. Experimental and predicted curves for 0.01 N solution. 
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Fig. 5. Experimental and predicted curves for 2.0 N solutions. For 
uppermosti curve vs = 0.32 to 0.52 cm./sec. 

magnitude higher than those used in the present study 
would apparently be needed to approach, if possible, in- 
ternal-diffusion control at 0.01 N concentration for the 
system and particle size of the study. 

The experimental results in the range of internal-dif- 
fusion control were interpreted by both constant diffusiv- 
ity and variable diffusivity methods. For the former 
method use was made of the very satisfactory approxima- 
tion of Vermeulen (27) for the exact series solution of 
Fick’s second law with the boundary condition of ex- 
changer surface saturated with the incoming ion 

where (DS)AB is the value of internal diffusivity for ion 
B replacing ion A and ro is the radius of the particle. 
( D S ) A R  values computed from Equation (4) tended to 
increase with q /a ,  but back calculation of the internal- 
diffusion exchange curves by use of the average value of 
( D s )  A B  for the 4 / a  range of 0.5 to 0.9 (where Ds was 
fairly constant) resulted in a acceptably good match with 
the experimental curves. The average ( D s )  A R  values thus 
obtained are given in Table 2 and are seen to vary rela- 
tively little with solution concentration. A solid-diffusion 
controlled run was also made with a 1.0 N sodium chloride 
solution to determine the self-diffusivity of the sodium ion 
in Dowex 50W-X8 exchanger, and this run is also in- 
cluded in Table 2. 

Interpretation of the experimental data by the variable 
diffusivity model was made by use of the explicit approxi- 
mative expression provided by Plesset et al. (16) for rep- 
resenting the results of their numerical intergration of 
Fick‘s second law with a variable interdiffusivity coeffi- 
cient. For bivalent-monovalent exchange the variable dif- 
fusivity is given by (16) 

.. ... 
T i m e  /Seconds 

Fig. 6. Experimental and predicted curves for 4.0 N solution. For 
uppermost curve vs = 0.30 to 0.35 cm./sec. 
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'r ABLE 2. EXPERIMENTAL VALUES OF INTERNAL DIFFUSIVITIES 

Constant Self-diffusivity 
interdiff usivity ratio 

Solution ( D S ) A B  01 

Concentration 10-6  sq. cm./sec. ( DSA/DSB ) 

0.1 N 0.74 10 

2.0 N 0.90 6 
1.0 N 0.90 6 

4.0 N 0.65 13 
1..0 N NaCl 1.6 ( self-diff'usivity 

of sodium ) 

USA and Dse are the self-diffusivities in the exchanger of 
the leaving and entering ions respectively (sodium and 
copper, respectively, in the present study), and q /a  is the 
fraction of the exchanger capacity in the form of the en- 
tering divalent ion a t  the point where (Ds)as is being 
determined. Equation (5) is obtained by applying the 
Nernst-Planck equation to the counterdiffusion of ions in- 
side the exchanger under conditions of electro-neutrality 
and no electrical current. Integration of Fick's second law 
incorporating Equation ( 5 )  was accomplished by assum- 
ing no pore solution, constant exchanger diameter, invari- 
ant self-diffusivities, the exchanger initially in the A form 
entirely, and the exchanger outer surface saturated with 
B for all time greater than zero (16). Insofar as possible 
the solid-diffusion data of the present study conformed to 
these requirements. 

The equation suggested by Plesset et al. is 

(q/u)ctk = (1 - exp[2(fi((Y)T + ~ z ( ( Y ) T ~  + f ~ ( a ) . " ) ] ) ' / 2  

(6) 

where a is the self-diffusivity ratio DSA/DSB, 7 is -, 
and the f's are empirical functions of a. For values of T 

much less than 1, as were encountered in the present 
study, Equation (6) becomes 

( 7 )  

DSA t 
ro2 

( q / a ) c U  = (1 - exp [ ~ ~ I ( c Y )  ~ 3 ) " ~  
where f 1  is given by l / f i  = - 0.64 - 0.36a0.668 for 1 6 
01 f 20, Equation (7) was used to calculate average 
values of (Y for the internal-diffusion controlled data by 
trial and error, with the results shown in Table 2. The 
experimentally-determined value of DSA for 1.0 N soh- 
tions and a particle diameter of 1.09 mm. were used for 
all calculations of a. 

The variation in CY reported in Table 2 may actually re- 
flect to some extent a variation of the self-diffusivity ratio 
with concentration. Part of the variation however is un- 
doubtedly due to some of the values used in the calcula- 
tion of (Y and to discrepancies between experimental con- 
ditions and the conditions assumed by Plesset e t  al. in 
their derivation. Evidence in the literature indicates that 
DSA may vary with concentration of the external solution 
(9, 2 4 ) ,  as may the particle radius (9, 14). I t  is also prob- 
able that DSA varies as a function of the exchanger compo- 
sition ( 2 2 ) .  Additionally chloride ion will be present in 
the exchanger pores under equilibrium conditions and 
amounts to approximately 15% of the exchanger capacity 
for the 4.0 N solutions (23 ) .  Since no chloride ion is pres- 
ent in the pores at the start of a run, copper and chloride 
ions from the external solution, and probably some of the 
replaced sodium ions as well, will tend to diffuse into the 
exchanger particle. The net effect of this pore solution 
diffusion will probably be to lower the experimental rate 

curve and thereby result in a larger value for a. This ef- 
fect would be most noticeable with the 4 N solution and 
may account for the unusually high value of 01 for this 
case. Exact corrections for all the effects listed above 
would be diffcult, even if the necessary data were avail- 
able. 

Use of the average values of a given in Table 2 to cal- 
culate theoretical particle saturation curves resulted in 
acceptable matching of the experimental curves, as shown 
by the uppeimost curve in Figures 5 and 6. A discrepancy 
between the calculated and experimental curves not 
readily shown on these figures but noted also for the con- 
stant-diff usivity model comparisons is a perceptibly larger 
initial slope for the theoretical curves during the very first 
portion of the curve. This indicates that at the very first of 
the run the liquid film is of some importance in determin- 
ing the rate of exchange, even for situations which appear 
to be completely internal-diffusion controlled. 

Comparison of Equations (4)  and (7)  indicates why 
much of the past data for internal diffusion in ion ex- 
changers could be correlated successfully with a constant 
value of the internal diffusivity, even though it is now 
well established that the interdiffusivity coefficient varies 
with exchanger composition. For initial and boundary con- 
ditions of the particle initially saturated with one ion and 
the surface maintained saturated with the other ion during 
the exchange process, and 7 small compared with 1 

- (DS)AB = ~ I ( Q L ) D S A  ( 8 )  

If the internal self-diffusivities of the exchanging ions are 
taken as constant, as they must to use Equation (6 ) ,  the 
right side of Equation (8) is a constant. The value of the 
interdiffusivity coefficient will of course differ for the two 
directions of exchange. With the CY and DSA values for 1 N 
solutions given in Table 2, ( D S ) A B  is computed as (0.88) 

sq. cm./sec., which compares well with the ex- 
perimental value of (0.90) sq. cm./sec. A good 
concordance between calculated and experimental values 
of ( D S ) A B  has also been noted for the barium-sodium 
system, for both directions of exchange ( 1 4 ) .  It  appears 
likely that for many cases where internaI diffusion con- 
trols the rate and for which the above-listed initial and 
boundary conditions are applicable, the use of a single 
value for the internal diffusivity is adequate to represent 
the exchange process. For these cases the value of the 
interdiffusivity coefficient can be calculated from equa- 
tions similar to Equation (8) (9), if the self-diffusivities 
for the exchanging ions are known. 

Equations (4)  and (6 )  can also be used together to 
calculate an integral interdiffusivity coefficient appropriate 
for a given value of 9/a. The interdifhsivity coefficient 
thus computed will increase as q / a  increases and will be 
somewhat larger than predicted by Equation (8) from 
known values of DSA and DSB.  The experimentally deter- 
mined values of ( D s ) A B ,  as noted earlier, did tend to in- 
crease with q/a ,  as the variable-diff usivity model predicts. 
The use of Equation (7) rather than Equation (6) to 
interpret the experimental data probably accounts for the 
experimental points on the internal diffusion curve of 
Figures 5 and 6 being slightly above the predicted values 
at the upper end of the curve. If the change in interdiffu- 
sivity coefficient with q / a  is appreciable (if 7 is not small 
compared with I), the variable-diffusivity model should 
provide a better fit of data than will the constant ditlusiv- 
ity model. 

intermediate Coses 
For most of the runs in the present study both internal 

and liquid-film resistances to mass transfer were important 
in determining the exchange rate during a major portion 
of the run. For such cases exact solutions relating q/a to 
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t are not available if the equilibrium at the interface is 
highly nonlinear, as for the copper-sodium system. Ac- 
cordingly resort was made to numerical methods pro- 
grammed for computer solution to compute theoretical 
particle-saturation curves which could be matched with 
the experimental curves to permit evaluation of pertinent 
rate constants. 

Finite-difference forms of Equation (1)  and Fick's sec- 
ond law were used to establish the equations for the nu- 
merical computations. The equilibrium data of Subba Rao 
( 2 3 ) ,  expressed in polynomial form with a separate ex- 
pression for each concentration, were used for the inter- 
face equilibria. The equation forms and methods of solu- 
tion are almost identical with those used for unsteady 
state heat transfer by conduction in a sphere when heat 
transfer to the outer surface of the sphere is by convec- 
tion (15 ) ,  except that the interface compositions in the 
two phases are not equal but rather are related by equi- 
librium requirements. Material balances for a small time 
increment are written for the outer surface of the spherical 
particle and for thin concentric spherical shells of equal 
thickness within the particle.* Ten or more such shells 
were used in all computations. The material balance equa- 
tions for inside the particle are essentially the same as 
those of Helfferich and co-workers ( 1 1 ,  1 6 ) .  In the com- 
putations k L  was considered to be constant throughout a 
run, and the solution normality at  the interface was taken 
as the bulk solution normality. For higher concentr a t '  ions 
the exchanger capacity was corrected to include pore solu- 
tion by the data of Subba Rao. The initial computer pro- 
gram (28)  was based on a constant value for the internal 
diffusivity and was checked by using the program to com- 
pute known solutions for the case of a linear isotherm. In 
working with this program the value of ( & ) A S  for the 
concentration being studied, given in Table 2, was used, 
and the value of kL was varied to try to obtain a good 
match of experimental and predicted curves. Values of k L  

indicated by the initial slopes of the experimental curves 
were used to aid in the initial choice of proper values for 
the mass transfer coefficient. However except for the 
0.01 N cases and a few other scattered runs, adequate 
matching of the experimental and computed curves could 
not be obtained. The program was then modified to in- 
clude a variable diffusivity, defined by Equation ( 5 ) ,  for 
each shell in the exchanger (28). The computations for 
inside the exchanger then became essentially those used 
by Plesset et al., and the new program was verified by 
duplicating some of the curves furnished by Plesset. Val- 
ues of O( proper to the concentration being studied, as 
given in Table 2, were used, and for the 0.01 N and 0.1 N 
cases values of k~ determined experimentally (Figure 3 )  
were employed. For higher concentrations the initial slope 
of the experimental curves was again used to aid in the 
initial choice of kr,, but the value of k L  was varied to ob- 
tain the best possible curve match. Computations were 
performed with an IBM-709 computer. Several minutes 
computing time was frequently necessary to obtain a 
single trial curve because of the extremely small time in- 
crements which had to be employed to insure stability of 
the solution. 

A comparison of computed and experimental curves is 
given in Figures 4, 5 ,  and 6. Figures 4 and 6 are included 
because the uppermost curve on the former and the lower- 
most curve on the latter are the poorest matches obtained. 
Figure 5 is more representative of the sort of curve match- 
ing found, and in general use of the variable-diffusivity 
model was relatively successful for matching the theoreti- 
cal curves. That the variable-diffusivity model was satis- 

* Further details on the equations used are available in references 8 
and 27. 

Fig. 7. Liquid-film coefficients from curve 
matching. 

factory for curve matching in intermediate cases and the 
constant diffusivity model was not indicates that the equi- 
valence of these two models found for the internal-diffu- 
sion controlled case is not extensible to other boundary 
conditions. 

The k L  values used for the curve-matching process a r c  
shown in Figure 7 as a function of fluid velocity and solu- 
tion concentration. The kt values for the 0.01 N and 0.1 N 
cases are, as noted above, experimentally determined val- 
ues and show the effect of velocity predicted by the j -  
factor correlation. The kr, values for higher concentrations, 
determined by curve matching, all are lower than the kr, 
vs. us line defined by the 0.01 N and 0.1 N cases and show 
a much greater influence of fluid velocity. Lower values 
of k L  at higher concentrations would be expected because 
of both the lower values of ionic diffusivities at higher 
concentrations and the effect of pore solution, discussed 
above, in producing lower experimental curves. The elec- 
tric field effects resulting from countertransfer of ions with 
different self-diffusivities may also be partly responsible 
for the lower k L  values at higher concentrations. Theo- 
retical considerations ( 1 8 )  indicate that for copper re- 
placing sodium k~ should be lower at the start of ex- 
change, and it is the early part of the particle saturation 
curve which is most important in determining the value 
of kr, by curve matching. In addition to the above factors 
the use of kl,, in effect, as a correction factor to compen- 
sate for the defects discussed earlier of the variable-diffu- 
sivity model may also influence the k L  values obtained. 

Inadequate data prevent quantitative evaluation of the 
effects of the above factors on kid, but it should be noted 
that all the factors discussed are primarily concentration- 
dependent effects. The apparent influence of velocity on 
1cL at the higher concentrations is difficult to explain satis- 
factorily, and it is difficult to say if the trends shown are 
genuine cffects or result from defects in the interpretive 
model used. 

CONCLUSIONS 

In the present study for dilute solutions (0.01 N and 
0.1 N )  the rate of mass transfer from the bulk solution to 
the particle surface can FP represented adequately by 
Equation (I), by using a constant value of mass transfer 
coefficient at a given flow rate and by neglecting changes 
in the interface solution normality. This is true both for 
operating conditions such that the liquid film controls the 
rate entirely and for conditions such that both liquid-film 
and internal resistances are important; the mass transfer 
coefficients can be correlated by generalized j-factor rela- 
tionships for packed beds. These results and similar find- 
ing in other comparable packed-bed studies of ion ex- 
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change with dilute solutions and equilibrium favorable to 
the entering ion (14, 20) vindicate the widespread use of 
Equation (1) for representing the rate of exchange be- 
tween bulk solution and exchanger surface for the case of 
dilute solutions and favorable equilibria. 

The experimental data for internal-diffusion control of 
exchange rate could be correlated by use of Fick‘s second 
law with either a constant internal diffusivity or a more 
theoretically correct variable interdiff usivity coefficient. 
The variable interdiffusivity coefficient includes effects of 
the electric field resuking from counterdiffusion of ions 
possessing different internal self-diffusivities. Use of the 
variable diffusivity was necessary to obtain a mathemati- 
cal model for predicting exchange curves which matched 
reasonably well the experimental curves at higher concen- 
trations where both liquid-film and internal diffusion were 
important in determining the rate of exchange. Compari- 
son of the correlating equations used for the strictly in- 
ternal-diffusion controlled case shows that a constant in- 
ternal diffusivity will often be adequate if the exchanger is 
initially saturated with one ion and the surface is main- 
tained saturated with the entering ion during the ex- 
change process. That the use of a constant interdiffusivity 
value is not valid for other types of boundary conditions 
however is indicated by the need to use the variable inter- 
diffusivity for intermediate cases. For those cases in which 
the constant interdiffusivity is satisfactory, its value can 
frequently be computed from the internal self-diffusivities 
of the exchanging ions. 

For concentrated solutions the values of the liquid-film 
mass transfer coefficients obtained by curve matching 
could not be correlated with similar coefficients for dilute 
solutions. While this situation is undoubtedly caused in 
part by effects to be expected with concentrated solutions, 
some of the difficulty may stem from the use of a liquid- 
film model which neglects the effects produced by the 
counterdiffusion of ions with different self-diffusivities. 
Further work in this area is necessary before ion-exchange 
rates in concentrated solutions can be predicted when the 
liquid film is an important factor in determining the rate. 
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NOTATION 

exchange capacity, meq./unit quantity of ex- 
changer 
concentration of ion in bulk solution, meq./ml. 
concentration of an ion in the interface solution 
immediately adjacent to exchanger particle, 
meq./ml. 
total solution normality, meq./ml. 
concentration of an ion in equilibrium with ex- 
changer of composition q/a, for a total solution 
normality co, meq./ml. 
particle diameter, cm. (except where otherwise 
noted) 
diffusivity of ion B in the Schmidt number used 
for correlating the external mass transfer coeffi- 
cients, sq. cm./sec. 
self-diffusivity of ion A inside the exchanger, sq. 
cm./sec. 
self-diffusivity of ion B inside the exchanger, sq. 
cm. /sec. _ _  . 

( D S ) A B  = mutual internal-diffusion coefficient for ion B 

k~ = external mass transfer coefficient, cm./sec. 
replacing ion A, sq. cm./sec. 

overall external mass transfer coefficient defined 
by Equation ( 3 ) ,  cm./sec. 
ReynoIds number for packed beds = d p ~ s p t / i ( . ~ ~  

Schmidt number 
exchanger composition, meq. of a given ion per 
unit quantity of exchanger 
radius of exchanger particle 
external surface area of exchange, sq. cm./pre- 
scribed quantity of exchanger 
time 
superficial velocity in bed, cm./sec. 

Greek Letters 

e 
E = void fraction of bed 
PL = liquid density, g./cc. 
7 

PI.  = liquid viscosity, poise 

= ratio of internal self-diffusivities, DSA/DSB 

= dimensionless time-factor group, D s n t / d  
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